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Compositional Symbolic Execution in a nutshell

• Underpins tools based on ideas from separation logic: 
e.g. Verifast, Viper (one backend), Gillian, CN, Infer-Pulse

• Successful in both academia and industry

• Symbolic execution of  partial symbolic state; partial 
symbolic heap manipulated using consume and produce 
operations

• First-order path constraints checked with SMT solvers 
(we use z3)

• Compositionality: possible to analyse a function 
separately from the rest of the codebase and record the 
results in function specifications in a separation logic
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Theory and practice of CSE
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We are interested in both the theory and practice of CSE.

• Theory: we have developed the foundations of  CSE theory, 
mechanised in Rocq, that is independent of a particular tool 
development.

• Practice: we develop and maintain the Gillian symbolic execution 
platform.

• Both feed into each other and inform each other!



Our CSE Theory
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We differ from previous CSE theories in multiple 
ways.

1. Foundational theory independent of any tool

2. Parametric on the memory model

3. Unified foundation for compositional 
verification and true bug detection

4. Standard logical definitions used to specify  
functions  (e.g. separation logic and 
incorrectness separation logic)



CSE Components in Gillian
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Symbolic State Program Specification Symbolic Execution



6

Symbolic state:
ො𝜎 = Ƹ𝑠, Ƹ𝜇, ෝ℘, ො𝜋

Symbolic path condition:
ො𝜋 ∶ 𝐿𝐸𝑥𝑝

User-defined predicates:
ෞ℘ ∶ type omitted

Symbolic linear heap:
Ƹ𝜇 ∶ 𝐿𝐸𝑥𝑝 ⇀ 𝑓𝑖𝑛 𝐿𝐸𝑥𝑝

Symbolic store:
Ƹ𝑠 ∶ 𝑃𝑉𝑎𝑟 ⇀ 𝑓𝑖𝑛 𝐿𝐸𝑥𝑝
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𝐸
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CSE for 𝐿𝐿𝑒𝑛 – Recursive case
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{𝒙 = 𝑥 ∗ 𝑙𝑖𝑠𝑡 𝑥, 𝛼 }
𝐿𝐿𝑒𝑛 𝒙  {

𝑖𝑓 𝒙 = 𝑛𝑢𝑙𝑙 { 

 𝒏 ≔  0;
} 𝑒𝑙𝑠𝑒 {

 𝒕 ≔ 𝒙 + 1 ;

 𝒏 ≔ 𝐿𝐿𝑒𝑛 𝒕 ;

 𝒏 ≔ 𝒏 +  1;

}
𝑟𝑒𝑡𝑢𝑟𝑛 𝒏;

}
{𝑜𝑘:  𝑙𝑖𝑠𝑡 𝑥, 𝛼 ∗ 𝒓𝒆𝒕 = 𝛼 }

Approach: to verify this function specification using 
compositional symbolic execution

Produce (i.e. assume) initial symbolic state from 
assertion to start symbolic execution

Consume (i.e. assert) final symbolic state and check it 
matches specification in the assertion

For function call, consume precondition and then 
produce postcondition



{𝒙 = 𝑥 ∗ 𝑙𝑖𝑠𝑡 𝑥, 𝛼 }
𝐿𝐿𝑒𝑛 𝒙 {
// ෞ𝜎1  = 𝒙 ↦ ො𝑥, 𝒏 ↦ 𝑛𝑢𝑙𝑙, 𝒕 ↦ 𝑛𝑢𝑙𝑙 , ෞ 𝜇∅, 𝑙𝑖𝑠𝑡 ො𝑥, ො𝛼 , 𝑡𝑟𝑢𝑒 ∶ 𝑝𝑟𝑜𝑑𝑢𝑐𝑒
𝑖𝑓 𝒙 = 𝑛𝑢𝑙𝑙 {

 // ෞ𝜎2  = 𝒙 ↦ ො𝑥, 𝒏 ↦ 𝑛𝑢𝑙𝑙, 𝒕 ↦ 𝑛𝑢𝑙𝑙 , ෞ𝜇∅, 𝑙𝑖𝑠𝑡 ො𝑥, ො𝛼 , ො𝑥  =  𝑛𝑢𝑙𝑙 ∶ if branch

  // ෞ𝜎3  = 𝒙 ↦ ො𝑥, 𝒏 ↦ 𝑛𝑢𝑙𝑙, 𝒕 ↦ 𝑛𝑢𝑙𝑙 , ෞ𝜇∅, ∅, ො𝑥 =  𝑛𝑢𝑙𝑙 ∧ ො𝛼 = [] ∶ unfolding list predicate

 𝒏 ≔  0;

  // ෞ𝜎4  = 𝒙 ↦ ො𝑥, 𝒏 ↦ 0, 𝒕 ↦ 𝑛𝑢𝑙𝑙 , ෞ𝜇∅, ∅, ො𝑥 =  𝑛𝑢𝑙𝑙 ∧ ො𝛼 = [] ∶  assignment

  // ෞ𝜎5  = 𝒙 ↦ ො𝑥, 𝒏 ↦ 0, 𝒕 ↦ 𝑛𝑢𝑙𝑙 , ෞ𝜇∅, 𝑙𝑖𝑠𝑡 ො𝑥, ො𝛼 , ො𝑥 =  𝑛𝑢𝑙𝑙 ∧ ො𝛼 = [] ∶ folding list predicate
} 𝑒𝑙𝑠𝑒 {

 . . .

Produce the initial symbolic state given 𝑙𝑖𝑠𝑡(𝑥, 𝛼) in the 
precondition

Initial symbolic state also initialises parameter variable (𝒙) and 
variables in the function body (𝒏, 𝒕)

Analogous to intermediate assertions in proof sketches
{𝒙 = 𝑥 ∗ 𝒏, 𝒕 = 𝑛𝑢𝑙𝑙 ∗ 𝑙𝑖𝑠𝑡 𝑥, 𝛼 ∗ 𝑥 = 𝑛𝑢𝑙𝑙}



{𝒙 = 𝑥 ∗ 𝑙𝑖𝑠𝑡 𝑥, 𝛼 }
𝐿𝐿𝑒𝑛 𝒙 {
// ෞ𝜎1  = 𝒙 ↦ ො𝑥, 𝒏 ↦ 𝑛𝑢𝑙𝑙, 𝒕 ↦ 𝑛𝑢𝑙𝑙 , ෞ 𝜇∅, 𝑙𝑖𝑠𝑡 ො𝑥, ො𝛼 , 𝑡𝑟𝑢𝑒 ∶ 𝑝𝑟𝑜𝑑𝑢𝑐𝑒
𝑖𝑓 𝒙 = 𝑛𝑢𝑙𝑙 {

 // ෞ𝜎2  = 𝒙 ↦ ො𝑥, 𝒏 ↦ 𝑛𝑢𝑙𝑙, 𝒕 ↦ 𝑛𝑢𝑙𝑙 , ෞ𝜇∅, 𝑙𝑖𝑠𝑡 ො𝑥, ො𝛼 , ො𝑥  =  𝑛𝑢𝑙𝑙 ∶ if branch

  // ෞ𝜎3  = 𝒙 ↦ ො𝑥, 𝒏 ↦ 𝑛𝑢𝑙𝑙, 𝒕 ↦ 𝑛𝑢𝑙𝑙 , ෞ𝜇∅, ∅, ො𝑥 =  𝑛𝑢𝑙𝑙 ∧ ො𝛼 = [] ∶ unfolding list predicate

 𝒏 ≔  0;

  // ෞ𝜎4  = 𝒙 ↦ ො𝑥, 𝒏 ↦ 0, 𝒕 ↦ 𝑛𝑢𝑙𝑙 , ෞ𝜇∅, ∅, ො𝑥 =  𝑛𝑢𝑙𝑙 ∧ ො𝛼 = [] ∶  assignment

  // ෞ𝜎5  = 𝒙 ↦ ො𝑥, 𝒏 ↦ 0, 𝒕 ↦ 𝑛𝑢𝑙𝑙 , ෞ𝜇∅, 𝑙𝑖𝑠𝑡 ො𝑥, ො𝛼 , ො𝑥 =  𝑛𝑢𝑙𝑙 ∧ ො𝛼 = [] ∶ folding list predicate
} 𝑒𝑙𝑠𝑒 {

 . . .



} 𝑒𝑙𝑠𝑒 {

 // ෞ𝜎6  = 𝒙 ↦ ො𝑥, 𝒏 ↦ 𝑛𝑢𝑙𝑙, 𝒕 ↦ 𝑛𝑢𝑙𝑙 , ෞ𝜇∅, 𝑙𝑖𝑠𝑡 ො𝑥, ො𝛼 , ො𝑥  ≠  𝑛𝑢𝑙𝑙 ∶ else branch

 // ෞ𝜎7  = 𝒙 ↦ ො𝑥, 𝒏 ↦ 𝑛𝑢𝑙𝑙, 𝒕 ↦ 𝑛𝑢𝑙𝑙 , [ ො𝑥 ↦ ො𝑣, ො𝑥 + 1 ↦ ො𝑦], 𝑙𝑖𝑠𝑡 ොy, ෠𝛽 , ො𝑥  ≠  𝑛𝑢𝑙𝑙 ∧ ො𝛼 = ො𝑣 ∷ ෠𝛽 ∶  unfold list

 𝒕 ≔ 𝒙 + 1 ;

  // ෞ𝜎8  = 𝒙 ↦ ො𝑥, 𝒏 ↦ 𝑛𝑢𝑙𝑙, 𝒕 ↦ ො𝑦 , [ ො𝑥 ↦ ො𝑣, ො𝑥 + 1 ↦ ො𝑦], 𝑙𝑖𝑠𝑡 ොy, ෠𝛽 , ො𝑥  ≠  𝑛𝑢𝑙𝑙 ∧ ො𝛼 = ො𝑣 ∷ ෠𝛽 ∶  lookup

 𝒏 ≔ 𝐿𝐿𝑒𝑛 𝒕 ;

  // ෞ𝜎9  = 𝒙 ↦ ො𝑥, 𝒏 ↦ ෠𝛽 , 𝒕 ↦ ො𝑦 , [ ො𝑥 ↦ ො𝑣, ො𝑥 + 1 ↦ ො𝑦], 𝑙𝑖𝑠𝑡 ොy, ෠𝛽 , ො𝑥  ≠  𝑛𝑢𝑙𝑙 ∧ ො𝛼 = ො𝑣 ∷ ෠𝛽 ∶  fcall

 𝒏 ≔ 𝒏 +  1;

  // ෞ𝜎10  = 𝒙 ↦ ො𝑥, 𝒏 ↦ ෠𝛽  +  1, 𝒕 ↦ ො𝑦 , [ ො𝑥 ↦ ො𝑣, ො𝑥 + 1 ↦ ො𝑦], 𝑙𝑖𝑠𝑡 ොy, ෠𝛽 , ො𝑥 ≠ 𝑛𝑢𝑙𝑙 ∧ ො𝛼 = ො𝑣 ∷ ෠𝛽 ∶ assign

  // ෞ𝜎11  = 𝒙 ↦ ො𝑥, 𝒏 ↦ ෠𝛽  +  1, 𝒕 ↦ ො𝑦 , ෞ𝜇∅, 𝑙𝑖𝑠𝑡 ොx, ො𝛼 , ො𝑥 ≠ 𝑛𝑢𝑙𝑙 ∧ ො𝛼 = ො𝑣 ∷ ෠𝛽 ∶  fold list
}
𝑟𝑒𝑡𝑢𝑟𝑛 𝒏;
// 𝑛𝑜𝑡𝑒:  𝑤𝑒 𝑛𝑜𝑤 ℎ𝑎𝑣𝑒 𝑡𝑤𝑜 𝑏𝑟𝑎𝑛𝑐ℎ𝑒𝑠, 𝑠𝑜 𝑤𝑒 𝑚𝑢𝑠𝑡 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑐ℎ𝑎𝑛𝑔𝑒𝑠 𝑖𝑛 𝑏𝑜𝑡ℎ 𝑠𝑦𝑚𝑏𝑜𝑙𝑖𝑐 𝑠𝑡𝑎𝑡𝑒𝑠
/∗  ෞ𝜎5.1  = 𝒙 ↦ ො𝑥, 𝒏 ↦ 0, 𝒕 ↦ 𝑛𝑢𝑙𝑙, 𝒓𝒆𝒕 ↦ 0 , ෞ𝜇∅, 𝑙𝑖𝑠𝑡 ො𝑥, ො𝛼 , ො𝑥 =  𝑛𝑢𝑙𝑙 ∧ ො𝛼 = []
 ෟ 𝜎11.1  = 𝒙 ↦ ො𝑥, 𝒏 ↦ ෠𝛽  +  1, 𝒕 ↦ ො𝑦, 𝒓𝒆𝒕 ↦ ෠𝛽  +  1 , ෞ𝜇∅, 𝑙𝑖𝑠𝑡 ොx, ො𝛼 , ො𝑥 ≠ 𝑛𝑢𝑙𝑙 ∧ ො𝛼 = ො𝑣 ∷ ෠𝛽  ∗/
}
{𝑜𝑘:  𝑙𝑖𝑠𝑡 𝑥, 𝛼 ∗ 𝒓𝒆𝒕 = 𝛼 }



// ෞ𝜎8  = 𝒙 ↦ ො𝑥, 𝒏 ↦ 𝑛𝑢𝑙𝑙, 𝒕 ↦ ො𝑦 , [ ො𝑥 ↦ ො𝑣, ො𝑥 + 1 ↦ ො𝑦], 𝑙𝑖𝑠𝑡 ොy, ෠𝛽 , ො𝑥  ≠  𝑛𝑢𝑙𝑙 ∧ ො𝛼 = ො𝑣 ∷ ෠𝛽

𝒏 ≔ 𝐿𝐿𝑒𝑛 𝒕 ;

// ෞ𝜎9  = 𝒙 ↦ ො𝑥, 𝑛 ↦ ෠𝛽 , 𝒕 ↦ ො𝑦 , [ ො𝑥 ↦ ො𝑣, ො𝑥 + 1 ↦ ො𝑦], 𝑙𝑖𝑠𝑡 ොy, ෠𝛽 , ො𝑥  ≠  𝑛𝑢𝑙𝑙 ∧ ො𝛼 = ො𝑣 ∷ ෠𝛽

Consume part of ෞ𝜎8 that matches the precondition when LLen is given 𝒕 as input

Results in the following intermediate symbolic state:
෡𝜎′ = 𝒙 ↦ ො𝑥, 𝒏 ↦ 𝑛𝑢𝑙𝑙, 𝒕 ↦ ො𝑦 , [ ො𝑥 ↦ ො𝑣, ො𝑥 + 1 ↦ ො𝑦], ∅, ො𝑥  ≠  𝑛𝑢𝑙𝑙 ∧ ො𝛼 = ො𝑣 ∷ መ𝛽

Recall:
{𝒙 = 𝑥 ∗ 𝑙𝑖𝑠𝑡 𝑥, 𝛼 }
𝐿𝐿𝑒𝑛 𝒙  { . . .  }
{𝑙𝑖𝑠𝑡 𝑥, 𝛼 ∗ 𝒓𝒆𝒕 = 𝛼 }

Produce postcondition given ෡𝜎′ (𝒓𝒆𝒕 maps to 𝒏), which yields ෞ𝜎9 



} 𝑒𝑙𝑠𝑒 {

 // ෞ𝜎6  = 𝒙 ↦ ො𝑥, 𝒏 ↦ 𝑛𝑢𝑙𝑙, 𝒕 ↦ 𝑛𝑢𝑙𝑙 , ෞ𝜇∅, 𝑙𝑖𝑠𝑡 ො𝑥, ො𝛼 , ො𝑥  ≠  𝑛𝑢𝑙𝑙 ∶ else branch

 // ෞ𝜎7  = 𝒙 ↦ ො𝑥, 𝒏 ↦ 𝑛𝑢𝑙𝑙, 𝒕 ↦ 𝑛𝑢𝑙𝑙 , [ ො𝑥 ↦ ො𝑣, ො𝑥 + 1 ↦ ො𝑦], 𝑙𝑖𝑠𝑡 ොy, ෠𝛽 , ො𝑥  ≠  𝑛𝑢𝑙𝑙 ∧ ො𝛼 = ො𝑣 ∷ ෠𝛽 ∶  unfold list

 𝒕 ≔ 𝒙 + 1 ;

  // ෞ𝜎8  = 𝒙 ↦ ො𝑥, 𝒏 ↦ 𝑛𝑢𝑙𝑙, 𝒕 ↦ ො𝑦 , [ ො𝑥 ↦ ො𝑣, ො𝑥 + 1 ↦ ො𝑦], 𝑙𝑖𝑠𝑡 ොy, ෠𝛽 , ො𝑥  ≠  𝑛𝑢𝑙𝑙 ∧ ො𝛼 = ො𝑣 ∷ ෠𝛽 ∶  lookup

 𝒏 ≔ 𝐿𝐿𝑒𝑛 𝒕 ;

  // ෞ𝜎9  = 𝒙 ↦ ො𝑥, 𝒏 ↦ ෠𝛽 , 𝒕 ↦ ො𝑦 , [ ො𝑥 ↦ ො𝑣, ො𝑥 + 1 ↦ ො𝑦], 𝑙𝑖𝑠𝑡 ොy, ෠𝛽 , ො𝑥  ≠  𝑛𝑢𝑙𝑙 ∧ ො𝛼 = ො𝑣 ∷ ෠𝛽 ∶  fcall

 𝒏 ≔ 𝒏 +  1;

  // ෞ𝜎10  = 𝒙 ↦ ො𝑥, 𝒏 ↦ ෠𝛽  +  1, 𝒕 ↦ ො𝑦 , [ ො𝑥 ↦ ො𝑣, ො𝑥 + 1 ↦ ො𝑦], 𝑙𝑖𝑠𝑡 ොy, ෠𝛽 , ො𝑥 ≠ 𝑛𝑢𝑙𝑙 ∧ ො𝛼 = ො𝑣 ∷ ෠𝛽 ∶ assign

  // ෞ𝜎11  = 𝒙 ↦ ො𝑥, 𝒏 ↦ ෠𝛽  +  1, 𝒕 ↦ ො𝑦 , ෞ𝜇∅, 𝑙𝑖𝑠𝑡 ොx, ො𝛼 , ො𝑥 ≠ 𝑛𝑢𝑙𝑙 ∧ ො𝛼 = ො𝑣 ∷ ෠𝛽 ∶  fold list
}
𝑟𝑒𝑡𝑢𝑟𝑛 𝒏;
// 𝑛𝑜𝑡𝑒:  𝑤𝑒 𝑛𝑜𝑤 ℎ𝑎𝑣𝑒 𝑡𝑤𝑜 𝑏𝑟𝑎𝑛𝑐ℎ𝑒𝑠, 𝑠𝑜 𝑤𝑒 𝑚𝑢𝑠𝑡 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑐ℎ𝑎𝑛𝑔𝑒𝑠 𝑖𝑛 𝑏𝑜𝑡ℎ 𝑠𝑦𝑚𝑏𝑜𝑙𝑖𝑐 𝑠𝑡𝑎𝑡𝑒𝑠
/∗  ෞ𝜎5.1  = 𝒙 ↦ ො𝑥, 𝒏 ↦ 0, 𝒕 ↦ 𝑛𝑢𝑙𝑙, 𝒓𝒆𝒕 ↦ 0 , ෞ𝜇∅, 𝑙𝑖𝑠𝑡 ො𝑥, ො𝛼 , ො𝑥 =  𝑛𝑢𝑙𝑙 ∧ ො𝛼 = []
 ෟ 𝜎11.1  = 𝒙 ↦ ො𝑥, 𝒏 ↦ ෠𝛽  +  1, 𝒕 ↦ ො𝑦, 𝒓𝒆𝒕 ↦ ෠𝛽  +  1 , ෞ𝜇∅, 𝑙𝑖𝑠𝑡 ොx, ො𝛼 , ො𝑥 ≠ 𝑛𝑢𝑙𝑙 ∧ ො𝛼 = ො𝑣 ∷ ෠𝛽  ∗/
}
{𝑜𝑘:  𝑙𝑖𝑠𝑡 𝑥, 𝛼 ∗ 𝒓𝒆𝒕 = 𝛼 }



𝑟𝑒𝑡𝑢𝑟𝑛 𝒏;

 /∗  ෞ𝜎5.1  = 𝒙 ↦ ො𝑥, 𝒏 ↦ 0, 𝒕 ↦ 𝑛𝑢𝑙𝑙, 𝒓𝒆𝒕 ↦ 0 , ෞ𝜇∅, 𝑙𝑖𝑠𝑡 ො𝑥, ො𝛼 , ො𝑥 =  𝑛𝑢𝑙𝑙 ∧ ො𝛼 = []
 ෟ𝜎11.1  = 𝒙 ↦ ො𝑥, 𝒏 ↦ ෠𝛽  +  1, 𝒕 ↦ ො𝑦, 𝒓𝒆𝒕 ↦ ෠𝛽  +  1 , ෞ𝜇∅, 𝑙𝑖𝑠𝑡 ොx, ො𝛼 , ො𝑥 ≠ 𝑛𝑢𝑙𝑙 ∧ ො𝛼 = ො𝑣 ∷ ෠𝛽  ∗/
}
{𝑜𝑘:  𝑙𝑖𝑠𝑡 𝑥, 𝛼 ∗ 𝒓𝒆𝒕 = 𝛼 }

Consume postcondition from ෞ𝜎5.1 and check that the result satisfies the empty assertion
(i.e. ℎ𝑒𝑎𝑝 = ෞ𝜇∅ and 𝑝𝑟𝑒𝑑 =  ∅)

Consume postcondition from ෟ𝜎11.1 and check that the result satisfies the empty assertion
(i.e. ℎ𝑒𝑎𝑝 = ෞ𝜇∅ and 𝑝𝑟𝑒𝑑 =  ∅)



CSE Parametric on Memory Model
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Compositional Symbolic Execution

16



Memory Models in Program Reasoning

17

=
Memory structure

+
Read and write actions

Memory model



Memory Models in Program Reasoning

18

1. Different memory models for 
different languages

E.g.: C = bytes, raw pointers, etc.

E.g.: JavaScript = objects, prototype chains, etc.

2. Different types of analyses require 
different types of ghost state

E.g.: exclusive ownership vs. fractional 
ownership

3. Other different requirements
E.g.: performance, implementation effort, 
automation support, etc. 

Requirement : Different applications require different memory models



Gillian-While (WiSL)

19

Symbolic State Program Specification Symbolic Execution
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Symbolic state:
ො𝜎 = Ƹ𝑠, Ƹ𝜇, ෝ℘, ො𝜋

Symbolic path condition:
ො𝜋 ∶ 𝐿𝐸𝑥𝑝

User-defined predicates:
ෞ℘ ∶ type omitted

Symbolic WiSL memory: 
Ƹ𝜇 ∶ 𝐿𝐸𝑥𝑝 ⇀ 𝑓𝑖𝑛 ( 𝐿𝐸𝑥𝑝 ⇀ 𝑓𝑖𝑛 𝐿𝐸𝑥𝑝 × 𝐿𝐸𝑥𝑝

?
)∅

Symbolic store:
Ƹ𝑠 ∶ 𝑃𝑉𝑎𝑟 ⇀ 𝑓𝑖𝑛 𝐿𝐸𝑥𝑝



Example CSE Instantiation: WiSL

21

• Concrete partial memory model: 
𝜇 ∶ 𝐿𝑜𝑐 ⇀ 𝑓𝑖𝑛 ( 𝑁𝑎𝑡 ⇀ 𝑓𝑖𝑛 𝑉𝑎𝑙 × 𝑁𝑎𝑡

?
)∅

• Well-formedness condition
(e.g. each cell’s offset is less than the block’s bound)

• Resource assertions: 𝐸 ↦ 𝐸 𝑏𝑜𝑢𝑛𝑑 𝐸, 𝐸 𝐸 ↦ ∅

• Symbolic partial memory model:

 ො𝜇 ∶ 𝐿𝐸𝑥𝑝 ⇀ 𝑓𝑖𝑛 𝐿𝐸𝑥𝑝 ⇀ 𝑓𝑖𝑛 𝐿𝐸𝑥𝑝 × 𝐿𝐸𝑥𝑝
?

∅

• consumeRes and produceRes

(consuming & producing resource assertions)



Memory Soundness

22

In the general definition of 
partial memory, memory 
composition is a requirement of 
the instance.

Similarly, the satisfaction relations 
for memory and predicates are a 
requirement of the instance.

𝜃 ∶ 𝐿𝑉𝑎𝑟 ⇀𝑓𝑖𝑛 𝐿𝑉𝑎𝑙 is the logical environment



WISL actions

23

WISL Actions

WISL memory actions — lookup, mutate, allocation and deallocation — 
are particular  instances of general CSE actions. 



Frame Properties for Memory Actions

24

“If memory is removed by an action, (non-missing)  behaviour is unaffected”OX frame

“If memory is added by an action, (non-missing) behaviour is unaffected”UX frame

Result
The WiSL memory model satisfies the OX and UX frame properties. 



𝛼 ⇝

𝛼 ⇝

Mem Mem

𝜇𝜇

𝜇𝜇

OX and UX Soundness for actions

25

All concrete actions can be simulated by a 
corresponding symbolic action  

OX soundness

All symbolic actions can be simulated by a 
corresponding concrete action

UX soundness

𝛼 ⇝

𝛼 ⇝

Mem Mem

𝜇𝜇

𝜇𝜇

Result
WiSL actions are sound.



Reasoning with function specifications

26

CSE
Functions with rich function specifications expressed 
using user-defined predicates to capture operations 
over e.g. pointer-based data structures

Consume and produce

• Reasoning about function calls using function specifications

• Verification of function specifications

• Folding and unfolding of user-defined predicates

• Using and proving lemmas (similar to functions)



Compositionality: Function Call Rule

27



28

Algebraic
Interface

𝐸

Compositional Symbolic Execution: Function Compositionality

σ̂’

’



Soundness of Consume and Produce

29

How do we prove soundness of constructs defined in terms of consume and 
produce, such as function call and fold/unfold?

Our answer: algebraic interface for consume and produce

Our interface captures mathematically what has been illustrated using pictures in the 
previous slides

Mathematical definitions allow us to show:

• Consume-and-produce operations are sound assuming the 
interface holds and the memory actions satisfy frame. 

• The Gillian implementation of consume and produce satisfies 

the interface. 



Our Consume and Produce Interface

30



Our Consume and Produce Interface

31

Remark: The interface is independent of the 
• memory model
• language 
• implementation 



Result: Function Call Soundness
If the consume and produce operations satisfy these OX/UX 

properties, then the function call rule is OX/UX sound. 

Our Consume and Produce Interface

32



Our Consume and Produce Interface

33

Result
Gillian’s consume and produce operations 

satisfy these properties.
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General Soundness Definition

All symbolic executions can be simulated by 
a corresponding concrete execution

UX soundness

All concrete executions can be simulated by 
a corresponding symbolic execution  

OX soundness



General OX Soundness Result

35

OX soundness for symbolic 
execution with function calls and 

fold/unfold 

implies
+

consumeRes & produceRes OX soundness

Symbolic memory action OX soundness

Concrete memory actions satisfy OX frame 
property

+

Result
WiSL symbolic execution is sound



Memory-model instances: CSE and Gillian

36

Yellow checkmark = not applicable, red checkmark = future work, * = variant implemented in Gillian



WiSL demo 
Gillian-While with block-offset memory

https://youtu.be/3lLeZB_91L4

https://youtu.be/3lLeZB_91L4

Diego Cupello

https://youtu.be/3lLeZB_91L4


C demo 
Gillian-C with heap tree memory

(see OPLSS26 fourth lecture)
https://youtu.be/zsJLskHjmG0

https://youtu.be/zsJLskHjmG0

Nat Karmios

https://youtu.be/zsJLskHjmG0
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Published work, ECOOP’24

• Unified Compositional Symbolic Execution

• Haskell Implementation

• Gillian Platform
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Published Work, OOPSLA’25

• Unified Parametric Compositional Symbolic Execution

• Coq Formalism and Verification

• Gillian Platform



Compositional Symbolic Execution: Foundations

CSE Engine

Symbolic 
Memory Model

Frontend

• Symbolic Memory
• Symbolic Actions
• consumeres, produceres

• OX/UX frame property
• Memory model soundness



Compositional Symbolic Execution: Foundations

CSE Engine

Symbolic 
Memory Model

Function 
Specifications

Frontend

• Function specifications from SL and ISL
• General algebraic interface independent of tool implementation
• General soundness result



CSE Analysis Standardisation….

CSE Engine

Symbolic State 
Function 

Specifications

SMT-LIB Complaint Solver

Frontend

Backend
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   𝜎 ^ =  (   s ^ ,    𝜇 ^ ,    ℘ ^ ,    𝜋 ^ )


   𝜋 ^   : L E x p


      ℘ ^   : type   omitted


   𝜇 ^   : L E x p ⇀ f i n   L E x p


   s ^   : P V a r ⇀ f i n   L E x p


   (   E → )


  L L e n


  { 𝒙 = x   ∗ l i s t  (  x , 𝛼 ) }


  L L e n  ( 𝒙 )   {


  i f  (  𝒙 = n u l l ) {


  𝒏   ≔   0 ;


  }   e l s e   {


  	 𝒕 ≔  [  𝒙 + 1 ] ;


  𝒏 ≔ L L e n  ( 𝒕 ) ;


  	 𝒏 ≔ 𝒏   +   1 ;


  r e t u r n   𝒏 ;


  }


  { o k :   l i s t  (  x , 𝛼 ) ∗ 𝒓 𝒆 𝒕 =  | 𝛼 | }


  { 𝒙 = x   ∗ l i s t  (  x , 𝛼 ) }


  L L e n  ( 𝒙 ) {


  / /        𝜎 1 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦ n u l l ,   𝒕   ↦ n u l l ] ,       𝜇 ∅ ^ ,  [  l i s t  (   x ^ ,  𝛼 ^ ) ] ,   t r u e )   : p r o d u c e


  i f  (  𝒙 = n u l l ) {


  / /        𝜎 2 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦ n u l l ,   𝒕   ↦ n u l l ] ,    𝜇 ∅ ^ ,  [  l i s t  (   x ^ ,  𝛼 ^ ) ] ,    x ^   =   n u l l )   : if   branch


  / /        𝜎 3 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦ n u l l ,   𝒕   ↦ n u l l ] ,    𝜇 ∅ ^ , ∅ ,  x ^ =   n u l l   ∧  𝛼 ^ = [ ] )   : unfolding   list   predicate


  𝒏   ≔   0 ;


  / /        𝜎 4 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦ 0 ,   𝒕   ↦ n u l l ] ,    𝜇 ∅ ^ ,   ∅ ,  x ^ =   n u l l   ∧  𝛼 ^ = [ ] )   :   assignment


  / /        𝜎 5 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦ 0 ,   𝒕   ↦ n u l l ] ,    𝜇 ∅ ^ ,    [  l i s t  (   x ^ ,  𝛼 ^ ) ] ,  x ^ =   n u l l   ∧  𝛼 ^ = [ ] )   : folding   list   predicate


  }   e l s e   {


  . . .


  l i s t ( x ,   𝛼 )


  𝒙


  𝒏 ,   𝒕


  { 𝒙 = x ∗ 𝒏 , 𝒕 = n u l l ∗ l i s t  (  x , 𝛼 ) ∗ x = n u l l }


  { 𝒙 = x   ∗ l i s t  (  x , 𝛼 ) }


  L L e n  ( 𝒙 ) {


  / /        𝜎 1 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦ n u l l ,   𝒕   ↦ n u l l ] ,       𝜇 ∅ ^ ,  [  l i s t  (   x ^ ,  𝛼 ^ ) ] ,   t r u e )   : p r o d u c e


  i f  (  𝒙 = n u l l ) {


  / /        𝜎 2 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦ n u l l ,   𝒕   ↦ n u l l ] ,    𝜇 ∅ ^ ,  [  l i s t  (   x ^ ,  𝛼 ^ ) ] ,    x ^   =   n u l l )   : if   branch


  / /        𝜎 3 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦ n u l l ,   𝒕   ↦ n u l l ] ,    𝜇 ∅ ^ , ∅ ,  x ^ =   n u l l   ∧  𝛼 ^ = [ ] )   : unfolding   list   predicate


  𝒏   ≔   0 ;


  / /        𝜎 4 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦ 0 ,   𝒕   ↦ n u l l ] ,    𝜇 ∅ ^ ,   ∅ ,  x ^ =   n u l l   ∧  𝛼 ^ = [ ] )   :   assignment


  / /        𝜎 5 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦ 0 ,   𝒕   ↦ n u l l ] ,    𝜇 ∅ ^ ,    [  l i s t  (   x ^ ,  𝛼 ^ ) ] ,  x ^ =   n u l l   ∧  𝛼 ^ = [ ] )   : folding   list   predicate


  }   e l s e   {


  . . .


  }   e l s e   {


  / /        𝜎 6 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦ n u l l ,   𝒕   ↦ n u l l ] ,    𝜇 ∅ ^ ,    [  l i s t  (   x ^ ,  𝛼 ^ ) ] ,    x ^   ≠   n u l l )   : else   branch


  / /        𝜎 7 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦ n u l l ,   𝒕   ↦ n u l l ] , [  x ^ ↦  v ^ ,  x ^ + 1 ↦  y ^ ] ,  [  l i s t  (   y ^ ,  𝛽 ^ ) ] ,    x ^   ≠   n u l l   ∧  𝛼 ^ =  v ^ ∷  𝛽 ^ )   :   unfold   list


  𝒕 ≔  [  𝒙 + 1 ] ;


  / /        𝜎 8 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦ n u l l ,   𝒕   ↦  y ^ ] , [  x ^ ↦  v ^ ,  x ^ + 1 ↦  y ^ ] ,    [  l i s t  (   y ^ ,  𝛽 ^ ) ] ,    x ^   ≠   n u l l   ∧  𝛼 ^ =  v ^ ∷  𝛽 ^ )   :   lookup


  𝒏 ≔ L L e n  ( 𝒕 ) ;


  / /        𝜎 9 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦  |   𝛽 ^ | ,   𝒕   ↦  y ^ ] , [  x ^ ↦  v ^ ,  x ^ + 1 ↦  y ^ ] ,  [  l i s t  (   y ^ ,  𝛽 ^ ) ] ,    x ^   ≠   n u l l   ∧  𝛼 ^ =  v ^ ∷  𝛽 ^ )   :   fcall


  𝒏 ≔ 𝒏   +   1 ;


  / /        𝜎  10 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦  |   𝛽 ^ |   +   1 ,   𝒕   ↦  y ^ ] , [  x ^ ↦  v ^ ,  x ^ + 1 ↦  y ^ ] ,  [  l i s t  (   y ^ ,  𝛽 ^ ) ] ,  x ^ ≠ n u l l ∧  𝛼 ^ =  v ^ ∷  𝛽 ^ )   : assign


  / /        𝜎  11 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦  |   𝛽 ^ |   +   1 ,   𝒕   ↦  y ^ ] ,    𝜇 ∅ ^ ,    [  l i s t  (   x ^ ,  𝛼 ^ ) ] ,  x ^ ≠ n u l l ∧  𝛼 ^ =  v ^ ∷  𝛽 ^ )   :   fold   list


  }


  r e t u r n   𝒏 ;


  / /   n o t e :   w e   n o w   h a v e   t w o   b r a n c h e s ,   s o   w e   m u s t   c o n s i d e r   c h a n g e s   i n   b o t h   s y m b o l i c   s t a t e s


  / ∗        𝜎  5 . 1 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦ 0 ,   𝒕   ↦ n u l l ,   𝒓 𝒆 𝒕   ↦ 0 ] ,    𝜇 ∅ ^ ,  [  l i s t  (   x ^ ,  𝛼 ^ ) ] ,  x ^ =   n u l l   ∧  𝛼 ^ = [ ] )


                  𝜎  11 . 1 ^   =  (   [  𝒙 ↦  x ^ ,   𝒏   ↦  |   𝛽 ^ |   +   1 ,   𝒕   ↦  y ^ ,   𝒓 𝒆 𝒕   ↦  |   𝛽 ^ |   +   1 ] ,    𝜇 ∅ ^ ,  [  l i s t  (   x ^ ,  𝛼 ^ ) ] ,  x ^ ≠ n u l l ∧  𝛼 ^ =  v ^ ∷  𝛽 ^ )   ∗ /


  }


  { o k :   l i s t  (  x , 𝛼 ) ∗ 𝒓 𝒆 𝒕 =  | 𝛼 | }


  }   e l s e   {


  / /        𝜎 6 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦ n u l l ,   𝒕   ↦ n u l l ] ,    𝜇 ∅ ^ ,    [  l i s t  (   x ^ ,  𝛼 ^ ) ] ,    x ^   ≠   n u l l )   : else   branch


  / /        𝜎 7 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦ n u l l ,   𝒕   ↦ n u l l ] , [  x ^ ↦  v ^ ,  x ^ + 1 ↦  y ^ ] ,  [  l i s t  (   y ^ ,  𝛽 ^ ) ] ,    x ^   ≠   n u l l   ∧  𝛼 ^ =  v ^ ∷  𝛽 ^ )   :   unfold   list


  𝒕 ≔  [  𝒙 + 1 ] ;


  / /        𝜎 8 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦ n u l l ,   𝒕   ↦  y ^ ] , [  x ^ ↦  v ^ ,  x ^ + 1 ↦  y ^ ] ,    [  l i s t  (   y ^ ,  𝛽 ^ ) ] ,    x ^   ≠   n u l l   ∧  𝛼 ^ =  v ^ ∷  𝛽 ^ )   :   lookup


  𝒏 ≔ L L e n  ( 𝒕 ) ;


  / /        𝜎 9 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦  |   𝛽 ^ | ,   𝒕   ↦  y ^ ] , [  x ^ ↦  v ^ ,  x ^ + 1 ↦  y ^ ] ,  [  l i s t  (   y ^ ,  𝛽 ^ ) ] ,    x ^   ≠   n u l l   ∧  𝛼 ^ =  v ^ ∷  𝛽 ^ )   :   fcall


  𝒏 ≔ 𝒏   +   1 ;


  / /        𝜎  10 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦  |   𝛽 ^ |   +   1 ,   𝒕   ↦  y ^ ] , [  x ^ ↦  v ^ ,  x ^ + 1 ↦  y ^ ] ,  [  l i s t  (   y ^ ,  𝛽 ^ ) ] ,  x ^ ≠ n u l l ∧  𝛼 ^ =  v ^ ∷  𝛽 ^ )   : assign


  / /        𝜎  11 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦  |   𝛽 ^ |   +   1 ,   𝒕   ↦  y ^ ] ,    𝜇 ∅ ^ ,    [  l i s t  (   x ^ ,  𝛼 ^ ) ] ,  x ^ ≠ n u l l ∧  𝛼 ^ =  v ^ ∷  𝛽 ^ )   :   fold   list


  }


  r e t u r n   𝒏 ;


  / /   n o t e :   w e   n o w   h a v e   t w o   b r a n c h e s ,   s o   w e   m u s t   c o n s i d e r   c h a n g e s   i n   b o t h   s y m b o l i c   s t a t e s


  / ∗        𝜎  5 . 1 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦ 0 ,   𝒕   ↦ n u l l ,   𝒓 𝒆 𝒕   ↦ 0 ] ,    𝜇 ∅ ^ ,  [  l i s t  (   x ^ ,  𝛼 ^ ) ] ,  x ^ =   n u l l   ∧  𝛼 ^ = [ ] )


                  𝜎  11 . 1 ^   =  (   [  𝒙 ↦  x ^ ,   𝒏   ↦  |   𝛽 ^ |   +   1 ,   𝒕   ↦  y ^ ,   𝒓 𝒆 𝒕   ↦  |   𝛽 ^ |   +   1 ] ,    𝜇 ∅ ^ ,  [  l i s t  (   x ^ ,  𝛼 ^ ) ] ,  x ^ ≠ n u l l ∧  𝛼 ^ =  v ^ ∷  𝛽 ^ )   ∗ /


  }


  { o k :   l i s t  (  x , 𝛼 ) ∗ 𝒓 𝒆 𝒕 =  | 𝛼 | }


  / /        𝜎 8 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦ n u l l ,   𝒕   ↦  y ^ ] , [  x ^ ↦  v ^ ,  x ^ + 1 ↦  y ^ ] ,  [  l i s t  (   y ^ ,  𝛽 ^ ) ] ,    x ^   ≠   n u l l   ∧  𝛼 ^ =  v ^ ∷  𝛽 ^ )


  𝒏 ≔ L L e n  ( 𝒕 ) ;


  / /        𝜎 9 ^   =    (   [  𝒙 ↦  x ^ ,   n   ↦  |   𝛽 ^ | ,   𝒕   ↦  y ^ ] , [  x ^ ↦  v ^ ,  x ^ + 1 ↦  y ^ ] ,  [  l i s t  (   y ^ ,  𝛽 ^ ) ] ,    x ^   ≠   n u l l   ∧  𝛼 ^ =  v ^ ∷  𝛽 ^ )


     𝜎 8 ^  


  LLen


  𝒕


     𝜎 ′ ^ =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦ n u l l ,   𝒕   ↦  y ^ ] , [  x ^ ↦  v ^ ,  x ^ + 1 ↦  y ^ ] , ∅ ,    x ^   ≠   n u l l   ∧  𝛼 ^ =  v ^ ∷  𝛽 ^ )


  { 𝒙 = x   ∗ l i s t  (  x , 𝛼 ) }


  L L e n  ( 𝒙 )   {   . . .   }


  { l i s t  (  x , 𝛼 ) ∗ 𝒓 𝒆 𝒕 =  | 𝛼 | }


     𝜎 ′ ^


  𝒓 𝒆 𝒕


  𝒏


     𝜎 9 ^


  }   e l s e   {


  / /        𝜎 6 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦ n u l l ,   𝒕   ↦ n u l l ] ,    𝜇 ∅ ^ ,    [  l i s t  (   x ^ ,  𝛼 ^ ) ] ,    x ^   ≠   n u l l )   : else   branch


  / /        𝜎 7 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦ n u l l ,   𝒕   ↦ n u l l ] , [  x ^ ↦  v ^ ,  x ^ + 1 ↦  y ^ ] ,  [  l i s t  (   y ^ ,  𝛽 ^ ) ] ,    x ^   ≠   n u l l   ∧  𝛼 ^ =  v ^ ∷  𝛽 ^ )   :   unfold   list


  𝒕 ≔  [  𝒙 + 1 ] ;


  / /        𝜎 8 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦ n u l l ,   𝒕   ↦  y ^ ] , [  x ^ ↦  v ^ ,  x ^ + 1 ↦  y ^ ] ,    [  l i s t  (   y ^ ,  𝛽 ^ ) ] ,    x ^   ≠   n u l l   ∧  𝛼 ^ =  v ^ ∷  𝛽 ^ )   :   lookup


  𝒏 ≔ L L e n  ( 𝒕 ) ;


  / /        𝜎 9 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦  |   𝛽 ^ | ,   𝒕   ↦  y ^ ] , [  x ^ ↦  v ^ ,  x ^ + 1 ↦  y ^ ] ,  [  l i s t  (   y ^ ,  𝛽 ^ ) ] ,    x ^   ≠   n u l l   ∧  𝛼 ^ =  v ^ ∷  𝛽 ^ )   :   fcall


  𝒏 ≔ 𝒏   +   1 ;


  / /        𝜎  10 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦  |   𝛽 ^ |   +   1 ,   𝒕   ↦  y ^ ] , [  x ^ ↦  v ^ ,  x ^ + 1 ↦  y ^ ] ,  [  l i s t  (   y ^ ,  𝛽 ^ ) ] ,  x ^ ≠ n u l l ∧  𝛼 ^ =  v ^ ∷  𝛽 ^ )   : assign


  / /        𝜎  11 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦  |   𝛽 ^ |   +   1 ,   𝒕   ↦  y ^ ] ,    𝜇 ∅ ^ ,    [  l i s t  (   x ^ ,  𝛼 ^ ) ] ,  x ^ ≠ n u l l ∧  𝛼 ^ =  v ^ ∷  𝛽 ^ )   :   fold   list


  }


  r e t u r n   𝒏 ;


  / /   n o t e :   w e   n o w   h a v e   t w o   b r a n c h e s ,   s o   w e   m u s t   c o n s i d e r   c h a n g e s   i n   b o t h   s y m b o l i c   s t a t e s


  / ∗        𝜎  5 . 1 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦ 0 ,   𝒕   ↦ n u l l ,   𝒓 𝒆 𝒕   ↦ 0 ] ,    𝜇 ∅ ^ ,  [  l i s t  (   x ^ ,  𝛼 ^ ) ] ,  x ^ =   n u l l   ∧  𝛼 ^ = [ ] )


                  𝜎  11 . 1 ^   =  (   [  𝒙 ↦  x ^ ,   𝒏   ↦  |   𝛽 ^ |   +   1 ,   𝒕   ↦  y ^ ,   𝒓 𝒆 𝒕   ↦  |   𝛽 ^ |   +   1 ] ,    𝜇 ∅ ^ ,  [  l i s t  (   x ^ ,  𝛼 ^ ) ] ,  x ^ ≠ n u l l ∧  𝛼 ^ =  v ^ ∷  𝛽 ^ )   ∗ /


  }


  { o k :   l i s t  (  x , 𝛼 ) ∗ 𝒓 𝒆 𝒕 =  | 𝛼 | }


  }   e l s e   {


  / /        𝜎 6 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦ n u l l ,   𝒕   ↦ n u l l ] ,    𝜇 ∅ ^ ,    [  l i s t  (   x ^ ,  𝛼 ^ ) ] ,    x ^   ≠   n u l l )   : else   branch


  / /        𝜎 7 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦ n u l l ,   𝒕   ↦ n u l l ] , [  x ^ ↦  v ^ ,  x ^ + 1 ↦  y ^ ] ,  [  l i s t  (   y ^ ,  𝛽 ^ ) ] ,    x ^   ≠   n u l l   ∧  𝛼 ^ =  v ^ ∷  𝛽 ^ )   :   unfold   list


  𝒕 ≔  [  𝒙 + 1 ] ;


  / /        𝜎 8 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦ n u l l ,   𝒕   ↦  y ^ ] , [  x ^ ↦  v ^ ,  x ^ + 1 ↦  y ^ ] ,    [  l i s t  (   y ^ ,  𝛽 ^ ) ] ,    x ^   ≠   n u l l   ∧  𝛼 ^ =  v ^ ∷  𝛽 ^ )   :   lookup


  𝒏 ≔ L L e n  ( 𝒕 ) ;


  / /        𝜎 9 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦  |   𝛽 ^ | ,   𝒕   ↦  y ^ ] , [  x ^ ↦  v ^ ,  x ^ + 1 ↦  y ^ ] ,  [  l i s t  (   y ^ ,  𝛽 ^ ) ] ,    x ^   ≠   n u l l   ∧  𝛼 ^ =  v ^ ∷  𝛽 ^ )   :   fcall


  𝒏 ≔ 𝒏   +   1 ;


  / /        𝜎  10 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦  |   𝛽 ^ |   +   1 ,   𝒕   ↦  y ^ ] , [  x ^ ↦  v ^ ,  x ^ + 1 ↦  y ^ ] ,  [  l i s t  (   y ^ ,  𝛽 ^ ) ] ,  x ^ ≠ n u l l ∧  𝛼 ^ =  v ^ ∷  𝛽 ^ )   : assign


  / /        𝜎  11 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦  |   𝛽 ^ |   +   1 ,   𝒕   ↦  y ^ ] ,    𝜇 ∅ ^ ,    [  l i s t  (   x ^ ,  𝛼 ^ ) ] ,  x ^ ≠ n u l l ∧  𝛼 ^ =  v ^ ∷  𝛽 ^ )   :   fold   list


  }


  r e t u r n   𝒏 ;


  / /   n o t e :   w e   n o w   h a v e   t w o   b r a n c h e s ,   s o   w e   m u s t   c o n s i d e r   c h a n g e s   i n   b o t h   s y m b o l i c   s t a t e s


  / ∗        𝜎  5 . 1 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦ 0 ,   𝒕   ↦ n u l l ,   𝒓 𝒆 𝒕   ↦ 0 ] ,    𝜇 ∅ ^ ,  [  l i s t  (   x ^ ,  𝛼 ^ ) ] ,  x ^ =   n u l l   ∧  𝛼 ^ = [ ] )


                  𝜎  11 . 1 ^   =  (   [  𝒙 ↦  x ^ ,   𝒏   ↦  |   𝛽 ^ |   +   1 ,   𝒕   ↦  y ^ ,   𝒓 𝒆 𝒕   ↦  |   𝛽 ^ |   +   1 ] ,    𝜇 ∅ ^ ,  [  l i s t  (   x ^ ,  𝛼 ^ ) ] ,  x ^ ≠ n u l l ∧  𝛼 ^ =  v ^ ∷  𝛽 ^ )   ∗ /


  }


  { l i s t  (  x , 𝛼 ) ∗ 𝒓 𝒆 𝒕 =  | 𝛼 | }


  r e t u r n   𝒏 ;


  / ∗        𝜎  5 . 1 ^   =    (   [  𝒙 ↦  x ^ ,   𝒏   ↦ 0 ,   𝒕   ↦ n u l l ,   𝒓 𝒆 𝒕   ↦ 0 ] ,    𝜇 ∅ ^ ,  [  l i s t  (   x ^ ,  𝛼 ^ ) ] ,  x ^ =   n u l l   ∧  𝛼 ^ = [ ] )


                   𝜎  11 . 1 ^   =  (   [  𝒙 ↦  x ^ ,   𝒏   ↦  |   𝛽 ^ |   +   1 ,   𝒕   ↦  y ^ ,   𝒓 𝒆 𝒕   ↦  |   𝛽 ^ |   +   1 ] ,    𝜇 ∅ ^ ,  [  l i s t  (   x ^ ,  𝛼 ^ ) ] ,  x ^ ≠ n u l l ∧  𝛼 ^ =  v ^ ∷  𝛽 ^ )   ∗ /


  }


  { o k :   l i s t  (  x , 𝛼 ) ∗ 𝒓 𝒆 𝒕 =  | 𝛼 | }


     𝜎  5 . 1 ^


  h e a p =    𝜇 ∅ ^


  p r e d =   ∅


     𝜎  11 . 1 ^


  h e a p =    𝜇 ∅ ^


  p r e d =   ∅


   𝜎 ^ =  (   s ^ ,    𝜇 ^ ,    ℘ ^ ,    𝜋 ^ )


   𝜋 ^   : L E x p


      ℘ ^   : type   omitted


   𝜇 ^   : L E x p ⇀ f i n   (  (  L E x p ⇀ f i n   L E x p )   ×   L E x p ? ) ∅


   s ^   : P V a r ⇀ f i n   L E x p


  𝜇   :   L o c ⇀ f i n   (  (  N a t ⇀ f i n   V a l )   ×   N a t ? ) ∅


  E ↦ E    |    b o u n d  (  E ,   E )   |   E ↦ ∅  


   𝜇 ^   : L E x p ⇀ f i n    (   (  L E x p ⇀ f i n   L E x p )   ×   L E x p ? ) ∅


  𝜃   : L V a r  ⇀  f i n L V a l


  𝛼 ⇝


  𝛼 ⇝


  𝜇


  𝜇


  𝜇


  𝜇


  𝛼 ⇝


  𝛼 ⇝


  𝜇


  𝜇


  𝜇


  𝜇


   (   E → )

