Collections-C Singly Linked Lists

| The Collections-C (CC) library is a well-used data-structure library on GitHub.
This question is inspired by a singly-linked list data structure and algorithms
from CC, which have been ported from C to the small while language of the
course. Consider a (simplified) version of the CC singly-linked list which

represents a mathematical list « by a data structure represented in memory at
address x with shape:

where 11, t are internal addresses, « = &’ - [a] and | = |/, the length of list a.
CC singly-linked lists can be described using the following predicates:

CClist(E, «) = 3h,t.CClistht(E, h, t, )
CClistht(x,h,t,a) = 3. x — Lkt x (P(Lh,t,a) vV Q(Lh,t,a))
P(Lhta) = (1=0%xh=null *t=null*a=]])
Q(Lht,a) = (Fn',a. 1 = |a'| +1  Iseg(h, t,a') * t — a,null * & = &’ - [a])
lseg(x,h,a) = (x =h*a=[])V
(Ja,o,z. x — a,z x Iseg(z,h,a/) xa =a: )

a Prove by induction on the size of « that the following implication is valid:
F (Iseg(x,h,a) *x h+— a,t) = lseg(x,t,a - [a]).

Answer:

This is simple bookwork that the students will know from the lectures. Proof by
induction on the length of «.

Base Case: |a| = 0, thatis, « = [ ].



Flseg(x,h,[]) x h > a,t
=x=hx[]=[]*xhw—a,t
=Sx—atxt=t*x[]=]]
= x> a,txlseg(t,t,[])
= da,y.x — a,y * Iseg(y,t,[])
= lIseg(x, t,[a])
= lIseg(x,t,[]-[a])
Inductive Step: Assume property for all |a’| = n. Consider arbitrary « = a : &
with |&/| = n.
Flseg(x, h,a) * h+— a,t

// Now unfold
= 3d,y,a/.x — d,y xlseg(y,h,a') xa =a’ :a' x h— a,t
// Now use IH
= 3d,y,a/.x—~d,y xlseg(y,t, & - [a]) x a=a": o
= 3d',y,a/.x —a',y *xlseg(y, t,a' - [a]) * a- [a] a ') [a]
= 3Jd,y, . x—a,yxlseg(y, t,a’ - [a]) x a- [a]=a": (& - [a])
/!

= 3dad,y, . x—=a,yxlseg(y, t,a’) x a- [a]=a’ : o’
//Now fold

= lseg(x,t,a’ 1 a') x - [a]=a’ : &

= lIseg(x,t,a - [a])

/

b The CClist _addnode(x,v) function adds a new value to the CC list:

rccadd o { PCCadd X=X KV =0 % CC“St(X,[X) }
CClist_addnode(x,v) {
{ x=xxv=0vxCClist(x,a) *n,1,t =null }
n = new(2);

{ Qccaaa : CClist(ret,a - [0]) }

where Tocagq 2 {{Pccaaa }CClist addnode(x,v){Qccadd} }-

Give a proof sketch to show that the CClist_addnode(x, v) function satisfies its
specification, paying particular attention to the unfolding and folding of
predicates and the use of the consequence rule.



Answer:

Tccaga { Pocagqg : X =X %V =10 % CC“ST_(X,GK) }
CCllist_addnode(x,v) {

x = x % v=0% CClist(x,a) *n,1,t =null }
v =0 % CClist(x,&) *n,1,t = null }

n:=new(2);

{ v = v % CClist(x,a) * n — null,null % 1,t = null }

[n] :=v;
CClist(x, &) * n — v,null % 1,t = null }
3h, t. CClistht(x, h,t,a) * n+— v,null x 1,t = null }
It x> Lhtx (P(Lht,a)VQ(Lhta)) *n+ v,null x 1,t = null }

1:=[x];
{ I t.x— 1,0t x (P(1,h,t,a)VQ(1,hta)) *n+— v,null * t = null }
if (1=0) {
{ I, t.x—0,htx1=0%h=null *t=null*a=][]*n— o,null «t=null }
x]:==1+4+1[x+1]:=n; [x+2]:=n
x— lnn*a=[]*n+— vnull }

x> 1nn*a=|]xlseg(nn,[])*n+—ov,null } 1lsegfromempty
CClist(x,a - [0]) }
} else {
{ 3n,t.30 0. x = 1L, h,t +lseg(h,t,a')  t —a,null xa =o' [a] 1= |a'| +1%n+— o,null * t =null }
t:=[x+2];
{ Jh.3,a. x—= 1,htxlseg(h,t,a')  t = anullxa=a'-[a] x1=|a'|+1%n+— v,null }
[t+1]:=mn; [x+2]:=n; [x]:=1+1;
Ih. 3’ ,a. x> 1+1,hnxlseg(h,t,0’) st —anxa=a’[a] x1=|a'|+1%n+ v,null }
3h. 3,0 x> 1+ 1,h,n «Iseg(h,n, o’ - [a]) xa =o' - [a] ¥ 1 = |&/| + 1 *n > v,null } parta
I t.ox = |af + 1,1t x Iseg(h, t,a) * t — v,null } renaming and expanding the exists
3h,t.CClistht(x, h, t,a - [v]) }
{ CClist(x,a- [0]) }

"I cClist(x,a- [o]) }

return x

{ Qccaaa : CClist(ret,a - [v]) }



(¢

The CClist_concat(x,y) function concatenates two CC lists:

Tcecone { Pecconc : x = x * y =y x CClist(x, ) % CClist(y, a’) }
CClist_concat(x,y) {
{ x =xxy=yx*CClist(x,a) * CClist(y,a’) * 11,12,2,h1,h2,t1,t2 = null }

11 := [x];
12:=[y];
if (11=0){

Z:=% X:=Y;
dispose(z); dispose(z + 1); dispose(z + 2)

} else {
if (12=0){
dispose(y); dispose(y + 1); dispose(y + 2)
} else {
R: dhy,ty,hy,tr. x— 11,01, 1 *Q(ll,h1,t1,0€)) *
v 5 12, hy, to % Q(12,h2, t2, &) % h2,t1,£2 = null }
tl:=[x+2]; h2:=[y+ 1], t2:=[y+2];
[t1+1] :=h2;
[x +2] :=t2;
[x] :=11+412;
dispose(y); dispose(y + 1); dispose(y + 2)
%
%
{ CClist(x,a-a) }
return x

}
{ QCCconc : CC“St(ret/w . “/) }

where rccconc £ { {PCCconc }CCliSt,COIlC&t (X, y) {QCCconc } .

Give a proof sketch to show that the CClist_concat(x,y) function satisfies its
specification, starting from the assertion R and paying particular attention to the
unfolding and folding of predicates and the use of the consequence rule to
establish the postcondition. State any lemmas about 1seg you might use.

Answer:

The additional lemma is
F (Iseg(x, h, )  Iseg(h, t,a')) = lseg(x,t,a-a’)

which they will recognise from the lectures.



Teccone F { Peccone : X = x %y =y * CClist(x,a) * CClist(y,a’) }
CClist_concat(x,y) {
x = x %y =y * CClist(x,a) * CClist(y,a’) * 11,12,2,h1,h2,t1,t2 = null }
CClist(x, ) * CClist(y,a’) * 11,12,2,h1,h2,t1,t2 = null }
3hy,tq, hy, to. CClistht(x, hy, 1, &) * CClistht(y, o, tp, &) * 11,12,2,h1,h2,t1,t2 = null }
Ihq, t1, 0o, t0, 11, 1. x 1y, hy, t % (P(l],h],t],tx) \Y Q(l],h],t],lx)) *
y = I hy, ty % (P(lo, by, b2, ') V Q(lp, By, ta,4"))
11,12,z,h1,h2,t1,t2 = null
11:=[x]; 12:=[y];
Ihq, b1, hp, tr. x > 11, hq, £ * (P(ll,h],t],l)() V Q(ll,h1,t1,o¢)) *
y > 12,hp, b * (P(12,hp,t,a") V Q(12,hp, 1y, &) *
z,h1,h2,t1,t2 = null
if (11 =0){
ahl,tl,hz,tz. X = O,hl,fl * p(O,hl,tl,tX) *
{ y > 12,y t % (P(12,hp,t,a') V Q(12,hp, t5,8')) % z = null }
z:=%;, X:1=y;
dhq,t1,hp,tr. 2+ 0, hq, £ * P(O,hl,t],a) *
{ x > 12,hp, ty % (P(12,hp,t,a") V Q(12,hp, ta,2)) }
dispose(z); dispose(z + 1); dispose(z + 2)
3h1,t1,h2,t2. P(O,l’l],h,ﬂ() *
x> 12,hp,ty % (P(12,h,tp,a") V Q(12,hp, 1o, 2))
(th,fl. P(O,hl,tl,ﬂc)) *
(3;12, tr, .12 =1 x x> Ip, hy, ty % (P(lz, hy, to, 06,) V Q(lz, ho, to, Dé,)))
{ o= H * dhy, to. CC“Stht(X,hz,tz,D(/) }
{ CClist(x,a-a’) }
}else {
dhy, t1, by, . x> 11, 0y, B % Q(ll,hl,t1,oc)) *
y = 12, hy, ty * (P(l2,]’l2, tz,(X/) \Y Q(lZ,hz,tz,lX/)) *
z,h1,h2,t1,t2 = null
if (12=0) {
Jhy, t1, hp, by x> 11, By, B % Q(ll,hl,tl,tx) *
{ y = 0,hy, ty * P(O,hz,tz,lxl)
dispose(y); dispose(y + 1); dispose(y +2)
3hy, ty, o, by x 5 11,0, b % Q(11, By, by, &) % P(O, h, by, a’) )
Jhy, t1.x — 11, hy, % Q(ll,h],tl,tx) o = H
CClist(x,a-a') }
}else {
R: 3dhy,t,hy,tr. x— 11,01, 1 *Q(ll,hl,tl,ﬂé)) *
y 12, hp, by * Q(lz,hz,tz,l)t/) * h2,t1,t2 = null }
tl:=[x+2]; h2:=[y+1]; t2:=[y+2|;
{ Fhi.x 11, h,t1 %« Q(11, 1y, t1,a)) * y — 12,h2,t2 % Q(12,h2,t2,a') }
hy, 0/, a”,a,b. x> 11, hy,t1 % 11 = |a/| + 1 = Iseg(hy, t1, ') * t1 — a,null * o =& - [a]
y > 12,h2,t2 x 12 = [a”| + 1 = Iseg(h2,t2,&”) * t2 +— b,null * &’ =a” - [b] }
[t1+1] :=hn2;
Ihy, a0, a,b.x — 11, hy,t1 « 11 = |af |+ 1 = Iseg(hy, t1,a') x t1+— a,h2 x o = &’ - [a] *
{ y > 12,h2,t2 x 12 = [a”| + 1 * Iseg(h2,t2,&”) * t2 +— b,null * a’ = a” - [b] }
[x+2]:=1t2;
Iy, o, 0, a,b.x — 11, 0,2 x« 11 = |af |+ 1 = Iseg(hy,t1,a') x t1 +— a,h2 x a = &’ - [a] *
{ y > 12,h2,£2 % 12 = || + 1 * Iseg(h2,t2, ") * t2 > b,null x a’ = a’ - [}] }
[x] :==11+12;
{ Iy, a0, a,b.x — 114+ 12,hy,t2 x« 11 = |a| + 1 x Iseg(hy, t1,a') x t1+— a,h2 x o = &’ - [a] }

} expansion of exists

y > 12,h2,t2 % 12 = || + 1 * Iseg(h2,t2,a") * t2 > b,null x a’ = a’ - [b]
dispose(y); dispose(y + 1); dispose(y +2)
Ihy, a0, a,b.x — 114+ 12,hy,t2 x 11 = |a| + 1 x Iseg(hy, t1,a') x t1+— a,h2 x o = &’ - [a]
12 = |a”| +1 x Iseg(h2,t2,a”) * £2 — b,null * &’ = a” - [b] }
Iy, o, 0, a,b.x — 114+ 12,hq,t2 % 11 = |a| + 1 * Iseg(hy,h2,a - [a]) x a = &’ - [a] *
12 = |a”| +1  Iseg(h2,t2,a”) * t2 — b,null * &' = a - [b]
Ihy, a0, a,b.x — 11+ 12,hy,t2 %« 11+ 12 = |a - [a] - 2| + 1 * Iseg(h1,t2,a" - [a] - &) *
a-a” =o' [a]-a” xt2 > b,null x o’ =a” - [b]
Ay, Ll a. x> Lhy,t2 1= |a/| +1 x Iseg(hy,t2,a) *
2+ a,mnull xa-a’ =o' - [q]
Ihy, Lox = Lhy, 2% 30,01 = || +1 % Iseg(hy, £2,&) 2 +— a,null x o - o’ =o' - [a] }
Ty, Lox > Ly, 62+ Q(Lhy, 22,0 o)}
an,Lt.x— 1Lht*Q(Lhta-a') } renaming expanding exists
3h,t. CClistht(x, 1, t,a - ') } renaming expanding exists
CClist(x,a-a') }
bk
{ Clist(x,-a’) }
return x

}{ Qccconc : CClist(ret,a - a’) }

using part a
} using add. lemma

renaming and expanding exists



